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Let X0(N) be the classic modular curve of level N over Z. Let WM
be the Atkin–Lehner involution of X0(N) associated to a divisor
M with (M,N/M) = 1. In this paper an explicit description is
given for the minimal resolution over Z[1/6] of the Atkin–Lehner
quotient X0(N)/WM . As an application a new proof of Deuring’s
formula on the number of supersingular j-invariants in Fp is
given. In certain cases it is also shown that the action of Hecke
operators on the component group of the Jacobian of the Atkin–
Lehner quotient is Eisenstein.
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1. Introduction
Throughout the paper the letter p denotes a prime greater than 3 and N = pnN ′ is a positive
integer with (p,N ′) = 1 and n  1. To simplify some arguments (see Section 3), we assume that the
exponent of 2 in N is not 1 or 2, and that the exponent of 3 in N is not 1. Let [Γ0(N)] be the
moduli stack of elliptic curves (E,CN ) with an N-cyclic subgroup CN [11, Section 3.4], or equivalently
isogenies (ϕ : E → E ′) with an N-cyclic kernel. Let M > 1 be a factor of N such that (M,N/M) =
1. Associated to M is the Atkin–Lehner involution, denoted WM , whose action on [Γ0(N)] is given
by
WM :
[
(E,CN )
] → [(E/CM , (CN + E[M])/CM)].
This action naturally induces an involution on the coarse moduli space Y0(N) of [Γ0(N)] and its
compactiﬁcation X0(N) [11], denoted again by WM . The Atkin–Lehner quotient is the quotient scheme
XM0 (N) = X0(N)/WM with respect to WM . This Atkin–Lehner quotient in general is not regular. In this
paper we will locate the singularities of XM0 (N), and give an explicit description of special ﬁbers of its
minimal resolution over Fp , see [12, Chapter 9] for general facts on resolution of arithmetic curves.
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difference is that [4] uses the explicit description of local equations of [Γ0(N)], hence is able to obtain
the explicit local equations for the resolution, while we do not use or write down the explicit local
equations (for we do not know the explicit local action of WM ). Instead, we use the general theory
developed in Sections 2 through 4 to extract information on the resolution. These information are
suﬃcient to determine the global conﬁguration of the minimal resolution in Section 5.
The main motivation of our consideration of the curve XM0 (N) comes from the paper [7] by Gross,
Kohnen and Zagier. In that paper intersection numbers of certain CM points on XN0 (N) are computed,
and the minimal resolution of XN0 (N) is brieﬂy addressed. Readers may also ﬁnd another application
of the curve Xp0 (p) in Jao’s paper [9].
Now let us brieﬂy describe the basic idea of our approach. First we observe that the involution WM
extends naturally onto the minimal resolution X˜0(N) of X0(N). So we only need to study some basic
properties of an involution on a two dimensional regular local scheme. In Section 2 we will see there
are essentially two cases: one produces a singular quotient and the other one gives a regular quotient.
The resolution of the quotient singularity is accomplished by just one blowing up. In this section we
also give a regular system of local parameters of [Γ0(N)] at certain ordinary points (Lemma 2.3),
thus supplement a related result of [11, Proposition 7.8.2] at supersingular points. Such a system of
parameters has been used in [4] without any proof.
In Section 3 we determine the points on X0(N) that do produce singularities on the Atkin–Lehner
quotient XM0 (N). Then in Section 4 we resolve locally all the singularities found in Section 3.
In Section 5 we put together the local results of Section 4, and give a scheme that provides the
global conﬁguration of the special ﬁber X˜M0 (N)Fp of the minimal resolution, such as the reduced
irreducible components, their multiplicities and their local intersection numbers.
In Section 6 we carry out the scheme outlined in Section 5 for the special cases N = p and p2.
In Section 7 two applications are given. The ﬁrst one is to supply a new proof of Deuring’s formula
on the number of Fp-rational supersingular j-invariants. In the second application we study the ac-
tion of Hecke operators on the component group of the Jacobian of XM0 (N), and show in certain cases
that these Hecke actions are Eisenstein.
The following is a list of notation and assumption that will be used throughout the paper.
For any number N with pn ‖ N we write N ′ = N/pn . (Ell/R) denotes the modular stack of elliptic
curves over R-schemes.
[Γ0(N)] denotes the moduli problem that assigns to an elliptic curve E the set of Drinfeld cyclic N-
subgroups of E , or equivalently the set of N-cyclic isogenies between elliptic curves.
The (a,b)-component (of [Γ0(N)] over Fp) is the reduced coarse moduli scheme parameterizing
[(E,CN ′ ,Cpn )] where Cpn is an (a,b)-cyclic subgroup of E (in the sense of [11]).
X˜0(N) denotes the minimal resolution of X0(N) constructed in [4].
XM0 (N) denotes the Atkin–Lehner quotient of X0(N) with respect to WM , and X˜
M
0 (N) denotes the
minimal resolution of XM0 (N).
2. Some local properties of involutions
In this section let (R,m) be a complete noetherian regular local ring of dimension two. Let p = 2
be the characteristic of the algebraically closed residue ﬁeld k = R/m, and let W be an involution
on R that acts trivially on the residue ﬁeld k.
Lemma 2.1.With the above notation and assumption, if the induced action of W on the cotangent spacem/m2
is trivial, then W = id on R.
Proof. It is proved in a more general form in [16]. 
The next theorem (due to Serre) gives a practical criterion for the regularity of the subring RW
of the W -invariants of R . We state the theorem in its full generality, then apply it in our speciﬁc
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called a pseudo-reﬂection if rank(1− σ) 1.
Theorem 1. (See Serre [4,16].) Let A be a noetherian regular local ring with maximal ideal m and residue
ﬁeld k. Let G be a ﬁnite group of automorphisms of A, and let AG denote the local ring of G-invariants of A.
Suppose that:
(1) the characteristic of k does not divide the order of G,
(2) G acts trivially on k,
(3) A is a ﬁnitely generated AG-module.
Then AG is regular if and only if the image of G in Autk(m/m2) is generated by pseudo-reﬂections.
Applying the above Serre’s theorem to our situation we get the following result.
Lemma 2.2. Let x, y be a regular system of parameters of R. Suppose the set of two minimal prime ideals
{(x), (y)} is stable under W , then there are four cases:
(a) W (x) = uxx, W (y) = uy y, such that ux ≡ uy ≡ 1 (modm), then W = id,
(b) W (x) = uxx, W (y) = uy y, such that ux ≡ −uy ≡ ±1 (modm), then RW is regular,
(c) W (x) = uxx, W (y) = uy y, such that ux ≡ uy ≡ −1 (modm), then RW is non-regular,
(d) W (x) = ux y, W (y) = uyx, then RW is regular.
In the above ux and uy are units of R.
Proof. Since W ﬁxes the set {(x), (y)}, there are two possibilities. We ﬁrst assume W ((x)) = (x)
and W ((y)) = (y), that is W (x) = uxx and W (y) = uy y for ux,uy ∈ R× . As W 2(x) = W (ux)W (x) =
W (ux)uxx = x we get W (ux)ux = 1. By the assumption W (ux) ≡ ux (mod m), which implies that
ux ≡ ±1 , (mod m), so we get the ﬁrst three cases.
To study the regularity of the invariant ring in each case we proceed as follows. In case (a), let
x′ = x + W (x), y′ = y + W (y). Since p = 2 the elements x′ and y′ are again a regular system of
parameters for R . And W (x′) = x′ and W (y′) = y′ , which implies W is trivial by Lemma 2.1. In
case (b), let x′ = x± W (x) and y′ = y ∓ W (y), respectively, then they again form a regular system of
parameters, such that W (x′) = ±x′ and W (y′) = ∓y′ , respectively. So W is a pseudo-reﬂection, and
by Theorem 1 the invariant ring RW is regular. In case (c), let x′ = x− W (x) and y′ = y − W (y), then
W (x′) = −x′ and W (y′) = −y′ , i.e. W is not a pseudo-reﬂection. Therefore RW is non-regular.
We now assume W exchanges the two minimal prime ideals (x) and (y), so we are in case (d).
This time we write s = x + W (x) and t = x − W (x), then s and t are regular parameters for R , and
W (s) = s, W (t) = −t . Again, by Theorem 1 we conclude that RW is regular. 
Remark 2.1. Lemma 2.2 usually applies to the following geometric setting. Let us assume the two
local parameters x and y correspond to two local closed subschemes through the closed point of a
regular local scheme Spec R . Suppose an involution W ﬁxes the regular point and preserves the two
local subschemes. Case (a) happens when W acts trivially on both subschemes. Case (b) shows up
when W acts trivially on one subscheme and non-trivially on the other one. Case (c) happens when
W acts non-trivially on both subschemes. Case (d) corresponds to the case in which W interchanges
the two local subschemes.
Let Y = Spec R and YW = Spec RW be the quotient local scheme. We know that only in case 2.2(c)
YW is a non-regular local scheme. In this case the minimal resolution of YW can be accomplished as
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[8, IV Proposition 19.4.11] the scheme Y˜ is covered by two open aﬃnes
D+(u) = Spec R[u]/(x− uy), D+(v) = Spec R[v]/(y − vy).
The exceptional curve of the blowing-up Y˜ π−→ Y is isomorphic to P1k and is given by y = 0 and
x = 0 on D+(u) and D+(v) respectively, where x and y are any regular parameters of R . As seen
in Lemma 2.2 after change of coordinates we may assume that W (x) = −x and W (y) = −y. The
action of W extends naturally onto Y˜ , and is given explicitly by W (x) = −x,W (y) = −y,W (u) = u.
This time W has no ﬁxed points of case 2.2(c) on Y˜ , hence the quotient Y˜ /W is regular and is the
minimal resolution of Spec RW .
Now we turn to the speciﬁc situation of X0(N), or more precisely the moduli stack [Γ0(N)].
To apply Lemma 2.2 we need to ﬁnd a regular system of parameters for the complete local ring
Ô[Γ0(N)],P at a geometric point P = (E1 → E2). If P is supersingular, such a system is found in
[11, Proposition 7.8.2]. If P is ordinary, the system is not explicitly proved in [11]. In the following
we will make it explicit. Such a system is already used in [4] (without proof) to derive the explicit
local equations of [Γ0(N)].
To begin with we recall that the local universal formal deformation ring of an elliptic curve Ek
is isomorphic to W (k)[[T ]], where W (k) is the ring of Witt vectors over k. If E is supersingular the
parameter T represents the equi-characteristic deformation of E . If E is ordinary then T = q−1 with q
the Serre–Tate parameter of E [10]. In the following lemma we use Ti to denote the T -invariant for Ei .
Lemma 2.3. Let P = [(E1 ϕ−→ E2)] be a k-rational point of [Γ0(pn)] with n  1. Suppose that either E1 is
supersingular or when E1 is ordinary ϕ is of type (a,b) for a,b  1, then T1 and T2 form a regular system of
parameters for the complete local ring of [Γ0(pn)] at P .
Proof. As mentioned above, when E1 is supersingular the claim is Proposition 7.8.2 in [11]. So we
assume that E1 is ordinary. Following [11, Theorem 5.3.2] we just need to show the following moduli-
theoretic rigidity property:
Let R be a local artinian W (k)-algebra with residue ﬁeld k. Let E ′1
ϕ′−−→ E ′2 be a cyclic isogeny over
R that is a formal deformation of E1
ϕ−→ E2. If q(E ′1) = q(E ′2) = 1, then R is a k-algebra and E ′1 → E ′2
is a constant deformation.
By the assumption that q(E ′1) = q(E ′2) = 1 we may assume that p-divisible groups of E ′1 and
E ′2 split, that is E ′1 and E ′2 are the Serre–Tate canonical lift of E1 and E2 to R respectively, see
[10, Section 2]. So we have [10]
HomR
(
E ′1, E ′2
)∼= Homk(E1, E2), (2.1)
where the isomorphism is induced by the reduction R → k. By our assumption the isogeny
ϕ : E1 → E2 has a standard factorization
E1
Fa−−→ E(pa)1 ∼= E(p
b)
2
V b−−→ E2.
As p = F V ∈ Hom(Epa−11 , Ep
b−1
2
∼= Epa−11 ) (note here we have used the assumption that a,b 1), we get
a decomposition ϕ = pψ for some ψ ∈ Homk(E1, E2), which induces through (2.1) a decomposition
ϕ′ = pψ ′ for ϕ′ . So E ′1[p] ⊆ ker(ϕ′), and E ′1[p] is cyclic as a subgroup of the cyclic group ker(ϕ′).
By [11, Corollary 12.2.6] the cyclicity of E ′1[p] implies that p = 0 ∈ R . Now the vanishing of p and T
together implies that ER and E ′R are constant, so is the isogeny between them. 
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(1) Since the moduli stack [Γ0(pnN ′)] is étale over the moduli stack [Γ0(pn)] (over W (k)), the above
two parameters also give a regular system of parameters for the complete local ring of [Γ0(N)]
by viewing P = (E,Cpn ,CN ′ ) as (E,CN ′ ) ϕ−→ (E ′,C ′N ′ ) for E ′ = E/Cpn and C ′N ′ = (CN ′ + Cpn )/Cpn .
(2) The pair (T1, T2) does not form a regular system of parameters at ordinary points of type (1,0)
or (0,1). However, X0(N) is smooth at ordinary points of type (1,0) or (0,1). So the result on
[11, p. 508] implies that the quotient XM0 (N) is also smooth at ordinary points of type (1,0)
or (0,1).
3. Determination of ﬁxed points of WM
In this section we determine the geometric points of X0(N)(Fp) whose images on XM0 (N) are
singular. Let P ∈ X0(N)(Fp) be such a point. Then there are two possibilities for P : either WM(P ) = P ,
or WM(P ) = P but P is singular on X0(N). It is obvious that in the second case the quotient P is
singular on XM0 (N), so we will concentrate on the ﬁrst case in the following. Recall that we assume:
v2(N) = 1,2 and v3(N) = 1.
3.1. Cuspidal ﬁxed points
First let P be a cusp. It is already known [4] that P is a regular point of X0(N). Therefore, to study
the regularity of its quotient P we may concentrate on ﬁxed cusps of WM .
Proposition 3.1. If P is a cusp, then the image P of P on the quotient XM0 (N) is regular.
Proof. Let P ∈ X0(N)(Fp) be a cusp ﬁxed by WM . As before let M ′ and N ′ be the part of M and
N that is relatively prime to p, respectively. Note that the (reduced) (a,b)-component containing
P is isomorphic to X0(N ′)Fp [4]. Under this identiﬁcation the induced action of WM on it is ex-
actly WM′ . By [13, Proposition 3] (and that M ′ = 4, by the assumption on N) the involution WM′ has
no ﬁxed points at cusps except when M ′ = 1. Now let us assume M ′ = 1, i.e. M = pn . In this case, the
ﬁxed cusp P is on the (a,a)-component, and Wpn acts trivially on the whole (a,a)-component. By
Lemma 2.2 we conclude that XM0 (N) is regular at P . 
3.2. Non-cuspidal ﬁxed points
Now let P ∈ Y0(N)(Fp) be a non-cuspidal point ﬁxed by WM . We will study the singularity of P
according to the following four cases depending on possible values of M , where as usual n 1:
(1) p  M ,
(2) M = pn ,
(3) M = pnM ′ , M ′ = 1 and M = N ,
(4) M = N = pnN ′ and N ′ = 1.
Proposition 3.2. In cases (2), (3) and (4), if P ∈ Reg X0(N) is ﬁxed by WM then P is regular.
Proof. In these cases Wpn interchanges the source and target parameters at P (Lemma 2.3 and Re-
mark 2.2), and WM′ ﬁxes each of them. Hence their product WM interchanges the local parameters.
So the quotient point P is regular by case (d) of Lemma 2.2. 
Proposition 3.3. In case (1), if the WM-ﬁxed point P is in Reg X0(N) and P is on the (a,b)-component for
a,b  1, then P ∈ Sing XM0 (N).
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Lemma 2.2 case (c) or Remark 2.1 the proof is complete. 
Suppose EFp has an extra automorphism τ = ±1. It is well known that Z[τ ] ∼= Z[i] when j(E) =
1728 or Z[ω] when j(E) = 0, where i2 = −1 and ω2 + ω + 1 = 0. We have the following result
regarding the ﬁeld of rationality of τ .
Lemma 3.4. Let EFp be an elliptic curve with an extra automorphism τ = ±1 with p > 3. Then τ is deﬁned
over Fp if and only if E is ordinary.
Proof. We have the following explicit description of the extra automorphism τ . Suppose j(E) = 0,
i.e. τ 6 = 1. Without loss of generality we assume that τ is a generator of Aut(E). Then E has the
following Weierstrass equation over Fp
y2 = x3 − 1
with τ (x) = ζ−1x, τ (y) = −y, where ζ ∈ F×p is of exact order 3. It follows from these formulas that τ
is deﬁned over Fp iff ζ ∈ F×p , which is equivalent to requiring p ≡ 1 (mod 3). It is well known that
p ≡ 1 (mod 3) iff E is ordinary.
Suppose j(E) = 1728 and assume τ is a generator of Aut(E), then E is given by
y2 = x3 − x
with τ (x) = −x, τ (y) = iy, where i ∈ F×p is of exact order 4. This time τ is deﬁned over Fp iff i ∈ Fp ,
or equivalently p ≡ 1 (mod 4). And it is well known that p ≡ 1 (mod 4) iff E is ordinary. 
As a corollary of the above explicit computations we see that the induced action of the Frobenius
on Z[τ ] is the complex conjugation if E is supersingular, and is trivial if E is ordinary.
Now, we let SN ′ (τ ) = {P ′ = (E,CN ′ ) ∈ X0(N ′)(Fp): τ ∈ Aut(P ′)} be the set of points with an extra
automorphism τ , and assume that SN ′ (τ ) is non-empty. So τ ∈ Aut(E) and τ (CN ′ ) = CN ′ . Let N ′ =
pe11 · · · pess be the prime decomposition of N ′ . By [6] and the assumption that v2(N) = 1, v3(N) = 1,
we know that pi splits in Q(τ ), and we let (pi) = pipi be the decomposition of the ideal (pi) in Z[τ ].
Let S be the set of ideals of the form N ′ =∏i qeii , where qi is either pi or pi for each i. Since Z[τ ]
has class number one each such ideal is principal, i.e. N ′ = (N ′) for some element N ′ ∈ Z[τ ]. By
[15] there is a natural one-to-one correspondence between S and SN ′ (τ ). For each N ′ ∈ S , the point
of X0(N ′) associated to N ′ corresponds to the endomorphism (E N
′−−→ E), where E is the unique
elliptic curve having the extra automorphism τ . Under this correspondence the action of WM′ on S
is given by [6]
WM′ :N ′ =
∏
qi |M′
q
ei
i ·
∏
qi M′
q
ei
i →
∏
qi |M′
q
ei
i ·
∏
qi M′
q
ei
i .
From this description of WM′ we easily get the following observation.
Lemma 3.5. The following properties of WM′ are true.
(a) WM′ acts freely on S or SN ′ (τ ) for M ′ = 1;
(b) WM′ has the same action as the complex conjugation on S iff M ′ = N ′ .
Proposition 3.6. In cases (1) and (3), every WM-ﬁxed point P is in Reg X0(N).
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phism τ . By the above description WM′ acts freely on SN ′ (τ ). Hence P in case (1) is not ﬁxed by
WM = WM′ .
There are two possibilities in case (3). First let P be ordinary and WpnWM′ (P ) = P . As Wpn
switches the (a,b)-component to the (b,a)-component of X0(N), so P must be on the (a,a)-
component and Wpn (P ) = P (n is even). Hence P ′ must be ﬁxed by WM′ , which is impossible because
the action of WM′ on SN ′ (τ ) is free.
Now let P be supersingular and ﬁxed by WM . Then
Wpn (P
′) = [(E/Cpn , (CN ′ + E[pn])/Cpn )]= { P ′ (p), if n is odd,
P ′, if n is even,
where P ′ (p) is the image under the Frobenius of P ′ ∈ X0(N ′). As P is ﬁxed by WM , WM′ (P ′ (p)) = P ′
if n is odd, or WM′ (P ′) = P ′ if n is even. Neither of these is possible due to Lemma 3.5.
Therefore we conclude that P ∈ Reg X0(N). 
Proposition 3.7. In case (2), suppose P ∈ Sing X0(N). Then
(a) if n is even then P is ﬁxed by WM iff P is on the (a,a)-component;
(b) if n is odd then P is ﬁxed by WM iff N = M = pn. In this case P is supersingular.
Proof. (a) is obvious. Let n be odd. If P = [(E,CN ′ ,Cpn )] is ﬁxed by WM , then P is supersingular.
As WM(P ′) = P ′ (p) , we get P ′ = P ′ (p) , which is possible only if N ′ = 1 (as the Frobenius acts as the
complex conjugation on SN ′ (τ )). The other direction follows easily. 
Proposition 3.8. In case (4) and suppose P ∈ Sing X0(N). Then P is ﬁxed by WM if and only if n is odd and P
is supersingular.
Proof. The proof is exactly the same as that of Proposition 3.6. The only difference is that WM′ (P ′) =
P ′ (p) for M ′ = N ′ . 
3.3. Points on X0(N) with singular quotients
Summarizing the above arguments we obtain the following list of types of points on X0(N) that
may have singular images on the quotient XM0 (N).
Type A: Non-WM -ﬁxed singular points on X0(N).
Type B: Regular ﬁxed points of WM for p  M on the (a,b)-component with a,b  1 (Propositions 3.3
and 3.6).
Type C: Singular ﬁxed point of WM for M = pn . They occur iff either 2|n or 2  n and N = pn (Propo-
sition 3.7).
Type D: Singular ﬁxed points of WM for M ′ = 1. They are supersingular and occur iff M = N and n is
odd (Propositions 3.6 and 3.8).
We will also use the same type name to label the singular quotient on XM0 (N) of a point belonging
to one of the above types.
4. Resolutions
We now resolve all possible singularities of XM0 (N) over W (Fp) according to the types listed in
the end of the last section. Readers may consult [12] for basic theories and facts on arithmetic curves.
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These singularities are locally (in the étale topology) isomorphic to their pre-images in X0(N).
Therefore their minimal resolutions are the same as the corresponding ones on X0(N), which can
be found in [4]. We record them here for the sake of completeness. In each of the following ﬁgures
the negative number denotes the self-intersection number of the corresponding P1-curve, and the
positive number attached represents the curve’s multiplicity in the special ﬁber. If p | M , we label
components by pairs (a,b) with a b and a+ b = n. If p  M , we label the components by pairs (a,b)
with a + b = n.
(A1) j = 0, ordinary, so p ≡ 1 (mod 3), and P is on the (a,b)-component.
Fig. 1. j = 0, ordinary on (a,b)-component.
Note that the component with a < b shows up only if p  M , in which case X˜M0 (N)Fp has n + 1 irre-
ducible components. Otherwise X˜M0 (N)Fp has n+12  components indexed by a b for Wpn exchanges
the (a,b) and (b,a)-components.
(A2) j = 0, supersingular, so p ≡ −1 (mod 3), and n = 2k is even.
Fig. 2. j = 0, supersingular, n = 2k.
The label (a < b)′ here (and hereafter) means that this component exists only if p  M .
(A3) j = 0, supersingular, i.e. p ≡ −1 (mod 3), and n = 2k + 1.
Fig. 3. j = 0, supersingular, n = 2k + 1.
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Fig. 4. j = 1728, ordinary on (a,b)-component.
Here similar to (A1), the component with a < b shows up only if p  M .
(A5) j = 1728, supersingular, so p ≡ −1 (mod 4), and n = 2k.
Fig. 5. j = 1728, supersingular, n = 2k.
(A6) j = 1728, supersingular, i.e. p ≡ −1 (mod 4), and n = 2k + 1.
Fig. 6. j = 1728, supersingular, n = 2k + 1.
4.2. Points of type B
Let p  M . The ﬁxed points of WM are regular on X0(N), and they are either all ordinary (when
p splits in Q(
√−M)) or all supersingular (when p is inert in Q(√−M)). The ordinary ﬁxed points
on the (n,0) or (0,n)-components produce regular quotients on X˜0(N)/WM [11, p. 508]. All other
ﬁxed points do produce singularities (Proposition 3.3), and can be resolved by one blowing up, see
Section 2. We have the following ﬁgures. In each of the following ﬁgures, the ﬁrst arrow means a
blowing up and the second one means taking the quotient by WM .
(B1) P is ordinary on the (a,b)-component with a,b  1.
Fig. 7. j ordinary, p  M , a,b > 0.
H. Xue / Journal of Number Theory 129 (2009) 2072–2092 2081(B2) P is supersingular.
Fig. 8. j supersingular, p  M .
Here (a = b) means the possible (a,a)-component, which exists iff n is even. The intersection number
between the (a1,b1) and (a2,b2)-components is 12 (p
a2−b2 − 1), where ai > bi and a1 > a2. For ai < bi
and a1 > a2 the intersection number between the (a1,b1) and (a2,b2)-components is 12 (p
b2−a2 − 1).
To resolve singularities of the remaining types, we proceed as follows. We ﬁrst describe the ex-
tended action WM on the minimal resolution X˜0(N) of X0(N). Then we locate and analyze the ﬁxed
points of WM on X˜0(N). At last we get the minimal resolution by taking the quotient of suitable
blowing ups of X˜0(N). The intersection numbers of local analytic branches are also computed. As be-
fore let P ∈ X0(N) be ﬁxed by WM with its quotient P ∈ Sing XM0 (N), and let π : X˜0(N) → X0(N) be
the minimal resolution constructed in [4].
4.3. Points of type C
In this case M = pn . The induced action of WM on the exceptional divisor π−1(P ) and the minimal
resolution can be described case by case as follows.
(C1) j = 0, is ordinary (that is p ≡ 1 (mod 3)). So n = 2k is even.
Fig. 9. j = 0, ordinary and a = b.
Here the leftmost graph describes the special ﬁber of the resolution X˜0(N) around P . The horizontal
line denotes the exceptional P1-curve π−1(P ). The involution Wpn has two ﬁxed points on π−1(P ),
one of which is its intersection with the (k,k)-component. The graph in the middle is obtained from
the left one by blowing up the other ﬁxed point of Wpn on π−1(P ). Such a blowing up is needed
because the other ﬁxed point does produce a singular point on X˜0(N)/WM . Suppose on the contrary
that the quotient is regular. Let C be the image of C˜ = π−1(P ), then π∗M(C) = C˜ , where πM : X˜0(N) →
X˜0(N)/WM is the quotient morphism. Comparing the intersection numbers we get
2C2 = π∗M(C) ·π∗M(C) = C˜ · C˜ = −3,
which is a contradiction. Therefore the quotient of the other ﬁxed point on π−1(P ) is singular.
From Section 2 we know such a singularity can be resolved by one blowing up, which is the ﬁrst
arrow of the above ﬁgure. The second arrow represents taking the regular quotient. So, the rightmost
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number between different reduced components is 1.
(C2) j = 0, supersingular (p ≡ −1 (mod 3)), and n = 2k.
Fig. 10. j = 0, supersingular and n = 2k.
Similar to (B1), the leftmost graph is for X˜0(N)Fp . The middle one is the blowing up of X˜0(N) at the
other ﬁxed point of Wpn on π−1(P ). The rightmost graph is the minimal resolution of XM0 (N) at P .
The intersection number between the (a,b)-component and the horizontal (−2)-curve is 1. The
intersection number between (a1,b1) and (a2,b2)-components (a1 > a2) is 13 (p
a2−b2 − 1).
(C3) j = 0, supersingular (p ≡ −1 (mod 3)), and n = 2k + 1. So M = N = pn .
Fig. 11. j = 0, supersingular, n = 2k + 1.
The intersection of the two (−2)-P1’s, denoted by C1 and C2 respectively, is the only ﬁxed point
of WM on π−1(P ). Its image on the quotient X˜0(N)/WM is regular by Lemma 2.2. The ﬁrst arrow
denotes the quotient morphism πM : X˜0(N) → X˜0(N)/WM . Let C = πM(C1) = πM(C2) be the horizon-
tal line of the middle graph, then
2C2 = π∗M(C)2 = (C1 + C2)2 = −2.
Hence C2 = −1. The rightmost graph is the minimal resolution obtained by blowing down the −1-
curve C . Each reduced local irreducible component remains smooth after the blowing down because
its intersection number with the (−1)-curve is 1.
The intersection number between the (a1,b1) and (a2,b2)-components is 13 (p
a2−b2 +1) for a1 > a2.
(C4) j = 1728, ordinary (p ≡ 1 (mod 4)). Hence n = 2k.
Fig. 12. j = 1728, ordinary, n = 2k.
H. Xue / Journal of Number Theory 129 (2009) 2072–2092 2083The other ﬁxed point of WM on the exceptional (−2)-curve does not produce a quotient singularity.
If it does, then a blowing up of it will have regular image on the quotient. But the strict pre-image
of the (−2) curve on the blowing up will have self-intersection number −3. So the self-intersection
number of its quotient is −3/2, which is absurd.
(C5) j = 1728, supersingular, i.e. p ≡ −1 (mod 4), and n = 2k.
Fig. 13. j = 1728, supersingular, n = 2k.
An argument similar to that in (C4) shows that no blowing up is needed.
The intersection number between the (a1,b1) and (a2,b2)-components is 12 (p
a2−b2 + 1).
(C6) j = 1728, supersingular, i.e. p ≡ −1 (mod 4), and n = 2k + 1. So M = N = pn .
Fig. 14. j = 1728, supersingular, n = 2k + 1.
In this case neither of the two ﬁxed points on π−1(P ) produces a singular quotient. Suppose (at least)
one of them does, then we need to blow it up once to get a regular quotient. The exceptional (−1)-
curve has multiplicity pk . Since the action of Wpn on it is trivial, its quotient should have multiplicity
pk/2, which is impossible.
The intersection number between the (a1,b1) and (a2,b2)-components is 12 (p
a2−b2 + 1).
4.4. Points of type D
In this case n = 2k + 1, M = N and N ′ = N/pn = 1. All points are supersingular. In each of the fol-
lowing ﬁgures the ﬁrst arrow denotes the quotient morphism by WM , and the second arrow denotes
a blowing down.
(D1) j = 0 is supersingular, i.e. p ≡ −1 (mod 3). This case is similar to (C3).
Fig. 15. j = 0, M = N , n = 2k + 1.
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a2−b2 + 1).
(D2) j = 1728, and p ≡ −1 (mod 4). This is similar to (C6).
Fig. 16. j = 1728, M = N , n = 2k + 1.
The intersection number between the (a1,b1) and (a2,b2)-components for a1 > a2 is 12 (p
a2−b2 + 1).
5. Global graph of ˜XM0 (N)Fp
Similar to [4, Section 1.4] we now give a description of the global graph of the special ﬁber
X˜M0 (N)Fp , that is we will give its irreducible components, their multiplicities and their local inter-
section numbers. In the following we divide the problem into three different cases. In each case we
describe step by step how to get the global graph of X˜M0 (N)Fp .
5.1. n = 2k + 1 and p | M
Step 1. Let XM
′
0 (N
′) = X0(N ′)/WM′ be the quotient curve over Fp . For each non-Fp-rational supersin-
gular P ∈ XM′0 (N ′) (which is the image of a supersingular point of X0(N ′), denoted again by P , such
that WM′ (P ) = P (p)), we identify it with its Frobenius P (p) , and make the resulting point a node of a
new curve, which is denoted by C . Hence there is a natural birational morphism XM
′
0 (N
′) → C which
is two to one over the nodes of C and an isomorphism over smooth points of C .
Step 2. Now take k + 1 copies of such C , indexed by (a,b) with a > b and a + b = n. Let Φ be the
projection morphism
Φ :
∐
a+b=n,a>b
Ca,b → C .
The (a,b)-component Ca,b is given the multiplicity φ(pb) = pb−1(p − 1).
Step 3. Glue these k + 1 copies by contracting Φ−1(P ) to one point at every supersingular point P .
There are two cases. First, suppose P is a regular point of C . Then at the contracted point there are
k+ 1 reduced local analytic branches, denoted by C Pa,b , one for each global Ca,b . The local intersection
number between C Pa1,b1 and C
P
a2,b2
is pa2−b2 + 1 for a1 > a2.
If P is a node of C , then at the contracted point there are n + 1 reduced local analytic branches,
denoted by C Pa,b and C
P ′
a,b , coming in pair from the global components Ca,b . The intersection number
between C Pa1,b1 and C
P ′
a2,b2
is 1, while the intersection number between C Pa1,b1 (resp. C
P ′
a1,b1
) and C Pa2,b2
(resp. C P
′
a2,b2
) is pa2−b2 .
Step 4. Let P ′ ∈ X0(N ′)(Fp) be a point with Aut(P ′) ∼= Z/6Z (so j = 0) such that WM′ (P ′) = P ′ (p) ,
which happens iff M = N and P ′ is supersingular. Then replace the unique point over P (henceforth
P always means the image of P ′ on C ) with the rightmost graph of Fig. 15.
Step 4′ . Let P ′ be a point with Aut(P ′) ∼= Z/6Z such that WM′ (P ′) = P ′ (p) . If P ′ is ordinary let {Pa,b} =
Φ−1(P ), and replace each Pa,b for b > 0 with Fig. 1. If P ′ is supersingular then replace the unique
point over P with Fig. 3.
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iff M = N and P ′ is supersingular. Then replace the unique point over P with the rightmost graph
of Fig. 16.
Step 5′ . Let P ′ be a point with Aut(P ′) ∼= Z/4Z such that WM′ (P ′) = P ′ (p) . If P ′ is ordinary then
replace Pa,b for b > 0 with Fig. 4. If P ′ is supersingular then replace the unique point over P with
Fig. 6.
5.2. n = 2k and p | M
Step 1. Let C = XM′0 (N ′) = X0(N ′)/WM′ be the quotient curve over Fp . Take k+ 1 copies of C , indexed
by (a,b) with a b and a + b = n. Let Φ be the projection morphism
Φ :
∐
a+b=n,ab
Ca,b → C .
And the (a,b)-component Ca,b is given the multiplicity φ(pb), except that when M = N = pn the
multiplicity of Ck,k is given by
1
2φ(p
k).
Step 2. Glue these k + 1 copies by contracting Φ−1(P ) to one point at every supersingular point P .
At such point there are k+ 1 local analytic branches, denoted by C Pa,b , one for each global component
Ca,b . The local intersection number between the local branches C Pa1,b1 and C
P
a2,b2
is pa2−b2 + 1 for
a1 > a2.
Step 3. Let P ′ ∈ X0(N ′)(Fp) be a point with Aut(P ′) ∼= Z/6Z ( j = 0) such that WM′ (P ′) = P ′ , which
occurs iff M = N = pn . If P ′ is ordinary let {Pa,b} = Φ−1(P ), then replace Pk,k with the rightmost
graph of Fig. 9 and replace Pa,b for a > b > 0 with Fig. 1. If P ′ is supersingular then replace the
unique point over P with the rightmost graph of Fig. 10.
Step 3′ . Let P ′ be a point with Aut(P ) ∼= Z/6Z ( j = 0) such that WM′ (P ′) = P ′ . If P ′ is ordinary replace
Pa,b for b > 0 with Fig. 1. If P is supersingular replace the unique point over P with Fig. 2.
Step 4. Let P ′ be a point Aut(P ) ∼= Z/4Z ( j = 1728) such that WM′ (P ′) = P ′ , which occurs iff M = N =
pn . If P ′ is ordinary then replace Pk,k with Fig. 4, and replace Pa,b for a > b > 0 with the rightmost
graph of Fig. 12. If P ′ is supersingular then replace the unique point over P with the rightmost graph
of Fig. 13.
Step 4′ . Let P ′ be a point Aut(P ′) ∼= Z/4Z ( j = 1728) such that WM′ (P ′) = P ′ . If P ′ is ordinary then
replace Pa,b for b > 0 with Fig. 4. If P ′ is supersingular replace the unique point over P with the
rightmost graph of Fig. 5.
5.3. p  M
Step 1. Let C = XM0 (N ′) = X0(N ′)/WM be the quotient curve over Fp . Take n + 1 copies of C , indexed
by (a,b) with a + b = n. Let Φ be the morphism
Φ :
∐
a+b=n
Ca,b → C
given by the identity morphism if a b and by Frobb−a if a < b, here Frob is the Frobenius morphism
from C to C . The multiplicity of Ca,b is given by φ(pmin(a,b)).
Step 2. Glue these n+1 copies of C by contracting Φ−1(P ) to one point at every supersingular point P .
Let C Pa,b be the n + 1 local branches at this point. This time the local equation at this point is(
xp
n − y)(x− ypn) ∏
a,b>0
(
xp
a−1 − ypb−1)p−1 = 0.
From which the local intersection numbers are easy to compute.
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is ordinary let {Pa,b} = Φ−1(P ), and replace Pa,b for a,b > 0 with the rightmost graph of Fig. 7. If P ′
is supersingular then replace the unique point over P with the rightmost graph of Fig. 8.
Step 4. Let P ′ be a point with Aut(P ) ∼= Z/6Z ( j = 0), so WM(P ′) = P ′ . If P ′ is ordinary replace Pa,b for
a,b > 0 with Fig. 1. If P ′ is supersingular then replace the unique point over P with Fig. 2 provided
n is even, or with Fig. 3 provided n is odd.
Step 5. Let P ′ be a point with Aut(P ) ∼= Z/4Z ( j = 1728), so WM(P ′) = P ′ . If P ′ is ordinary replace
Pa,b for a,b > 0 with Fig. 4. If P ′ is supersingular then replace the unique point over P with Fig. 5
provided n is even, or with Fig. 6 provided n is odd.
6. Graphs of ˜X p0 (p) and ˜X
p2
0 (p
2)
As an example, we work out the global graphs of X˜M0 (N)Fp for M = N = p or p2.
6.1. Graph of X˜ p0 (p)Fp
Let Sp2 be the number of supersingular j-invariants that are not in Fp . Then the graph of X˜
p
0 (p)Fp
is given by the following picture.
Fig. 17. X˜ p0 (p)Fp .
So Xp0 (p)Fp is a rational curve with
1
2 Sp2 nodes.
6.2. Graph of X˜ p
2
0 (p
2)
There are four cases.
Case (a): p = 12k + 1. The number of supersingular j-invariants is k and j = 0,1728 are ordinary.
Fig. 18. X˜ p
2
0 (p
2)
Fp
for p = 12k + 1.
All irreducible components are P1. The long vertical line is the (1,1)-component, and the curved
one is the (1,0)-component. The local intersection number at each of the k points is 2. All other
intersection numbers are 1.
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Fig. 19. X˜ p
2
0 (p
2)
Fp
for p = 12k + 5.
Case (c): p = 12k + 7. This time j = 0 is ordinary and j = 1728 is supersingular.
Fig. 20. X˜ p
2
0 (p
2)
Fp
for p = 12k + 7.
Case (d): p = 12k + 11. Both j = 0 and j = 1728 are supersingular.
Fig. 21. X˜ p
2
0 (p
2)
Fp
for p = 12k + 11.
7. Applications
We present two arithmetic applications in this section. In the ﬁrst application we give a new
proof of the classic Deuring’s formula on the number of Fp-rational supersingular j-invariants. In the
second application we study the action of Hecke operators on the component group of the Jacobian
of XM0 (N) over Fp .
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Let Sp be the number of Fp-rational supersingular j-invariants and let Sp2 be the number of
remaining supersingular j-invariants (which are in Fp2 but not in Fp). We have the following formula
for Sp which is due to Deuring [3] (also see [1]), however our proof is different and is based on the
minimal resolution of X0(N)/Wp .
Theorem 2 (Deuring). Let S p be as above, then
Sp =
{
1
2 (hp + h4p) if p ≡ 3 (mod 4),
1
2h4p, if p ≡ 1 (mod4)
where hd is the class number of the quadratic order of discriminant −d.
Proof. By Section 6 we know X˜ p0 (p)Fp is a rational curve with
1
2 Sp2 nodes, therefore
pa
(
Xp0 (p)C
)= pa( X˜ p0 (p)Fp )= 12 Sp2 , (7.1)
where pa(C) denotes the arithmetic genus of a curve C .
Recall the following well-known formula for pa(X0(p)C) [2, VI Théorème 6.9]
pa
(
X0(p)C
)= Sp + Sp2 − 1. (7.2)
Applying the Hurwitz formula to the double covering X0(p)C → Xp0 (p)C we get
2
[
pa
(
X0(p)C
)− 1]= 4[pa(Xp0 (p)C)− 1]+ H, (7.3)
where the ramiﬁcation index H is given by [13, p. 454]
H =
{
hp + h4p, if p ≡ 3 (mod 4),
h4p, if p ≡ 1 (mod 4). (7.4)
Now a manipulation of (7.1) through (7.4) concludes that Sp = 12 H . 
More generally, let SN ′,p be the number of Fp-rational supersingular points on X0(N ′)(Fp), and
let N ′ =∏i qdii be the prime decomposition of N ′ . Then we have the following formula:
SN ′,p = H ·
∏
i
(
1+
(−4p
qi
))
, (7.5)
where H is given by (7.4) and (−4pqi ) is the usual Legendre symbol. The proof of (7.5) follows the same
line and is left to interested readers.
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Let l be a prime not dividing N . The Hecke operator Tl on X0(N) commutes with the involu-
tion WM , hence induces a Hecke operator, denoted again by Tl , on the Atkin–Lehner quotient XM0 (N).
More concretely, let
S : X0(Nl) → X0(N), T : X0(Nl) → X0(N)
be the two degeneration maps, deﬁned by the natural maps S : [(E,CN ,Cl)] → [(E,CN )] and
T : [(E,CN ,Cl)] → [(E/Cl, (CN + Cl)/Cl)] respectively. As they commute with WM they induce maps
on the quotients
S : XM0 (Nl) → XM0 (N), T : XM0 (Nl) → XM0 (N).
The Hecke operator Tl on the Jacobian J XM0 (N)
of XM0 (N) is then deﬁned by
Tl = T∗S∗.
From now on we write ΦMN,p for the component group of the Néron model of J XM0 (N)
over W (Fp).
We will show the action of Tl on ΦMN,p is Eisenstein, i.e. Tl = l + 1, in the following simplest case.
More cases and details will be included in a separate paper.
Theorem 3. Suppose p | M, M ′ = 1 and if n is odd also assume M ′ = N ′ , then Tl = l + 1 on ΦMN,p .
Proof. By Section 3.3, the above assumptions imply that there are only singularities of Type A on
X0(N) or X0(Nl), and πM(Sing X0(N)) = Sing XM0 (N). These two facts will be used in (7.7) and (7.10)
respectively. Our proof follows closely the method used for X0(N) in [5] and [15].
Let us ﬁrst recall (due to Raynaud [14]) how to compute the component group of the Jacobian of
a general regular curve X/R , where R is a strictly Henselian DVR (in our situation R = W (Fp)). Let s
and η be the closed and generic point of Spec R respectively. We write the free group of components
D(X) =
∑
C
Z[C]
where C range over all reduced irreducible components of the special ﬁber Xs . There is a natural
endomorphism α of D(X), which on each generator [C ′] of D(X) is given by
α : [C ′] →
∑
C
(C ′ · C)[C],
where C ′ · C is the intersection pairing on X [12]. Let deg be the total degree map deﬁned by
deg(C ′) =
∑
C
mC (C
′ · C),
where Xs =∑C mCC is the special ﬁber. They give a complex
D(X) α−→ D(X) deg−−→ Z
whose cohomology is the component group of the Jacobian of X at p:
Φp(X) = ker(deg)/ im(α).
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D(Y ) → D(X) given by
π∗deg(C) =
∑
C ′ π→C
deg(π |C ′ )[C ′] (7.6)
which induces π∗ : Φp(Y ) → Φp(X), see [5] for more information.
Similar to [5, Section 4.1] we get the following diagram associated to the degeneration map S
X0(Nl)∗S
π SM
S
X0(N)∗
πM
XM0 (Nl)
∗S
π S
S
XM0 (N)
∗
π
X˜M0 (Nl) X˜
M
0 (N)
XM0 (Nl)
S
XM0 (N)
(7.7)
Here the bottom S is the morphism induced by the degeneration map S from X0(Nl) to X0(N). The
curve X0(N)∗ is obtained by some blowing ups of X˜0(N), and is the same as the X0(N)∗ in [5].
The curve X0(Nl)∗S is the same as that in [5]. The top S-morphism is also the one used in [5]. By
our assumptions WM acts freely on Sing X0(N) (resp. on Sing X0(Nl)), so WM extends naturally onto
X0(N)∗ (resp. X0(Nl)∗), and acts freely on the exceptional loci. Therefore, the quotient curves XM0 (N)∗
and XM(Nl)∗ are regular (as the only singularities are of Type A, and they are already resolved in
X0(N)∗ and X0(Nl)∗S ). The middle vertical morphism π (resp. π S ) consists of blowing downs that
produce the minimal resolution X˜M0 (N) (resp. X˜
M
0 (Nl)). The S-morphism on the second line is induced
by the top S on the quotients.
Taking the free abelian groups on components of the middle square diagram we get
DS∗l
π S∗,−1deg
D∗
S∗deg
D˜l D˜
π∗deg
(7.8)
whose composition S∗ = π∗S,−1deg S∗degπ∗deg : D˜ → D˜l , induces the map
S∗ : ΦMN,p → ΦMNl,p
Here the map π∗S,−1deg is deﬁned as in [5, 3.3]. A similar construction also applies to the degeneration
map T .
One key observation of [15] is that to show Tl is Eisenstein it suﬃces to show
S∗ = T ∗ : D˜ → D˜l, (7.9)
which will imply Tl = T∗T ∗ = deg T = l + 1.
H. Xue / Journal of Number Theory 129 (2009) 2072–2092 2091We will prove (7.9) using the decomposition (7.8). The group D˜ consists of two parts: (a,b)-
components of X˜M0 (N), and exceptional curves on X˜
M
0 (N). If C an irreducible (a,b)-component
of X˜0(N), then S∗([C]) = T ∗([C]), both of which equal (l + 1) times the (a,b)-component of X˜M0 (Nl)
by (7.6).
Now let Cx be an exceptional component of X˜M0 (N) whose image is x ∈ Sing XM0 (N). By deﬁnition
of π∗deg we have π
∗
deg([Cx]) = [˜Cx], where C˜x is the strict pre-image of Cx in XM0 (N)∗ . We also have
S∗deg
([˜Cx])= ∑
S(y)=x
[
C∗y
]
where the sum is over the set {y ∈ XM0 (Nl)(s): S(y) = x}, and C∗y is the unique component
of XM0 (Nl)
∗S lying over y such that S(C∗y) = C˜x . The coeﬃcient of [C∗y] is 1 because S : C∗y → C˜x
has degree 1, see (7.6).
Hence we have
S∗
([Cx])= π S∗,−1deg S∗deg([˜Cx])= π S∗,−1deg ( ∑
S(y)=x
[
C∗y
])
= π S∗,−1deg
( ∑
Sy=x, y reg.
[
C∗y
])+π S∗,−1deg ( ∑
Sy=x, y sing.
[
C∗y
])
= π S∗,−1deg
( ∑
Sy=x, y reg.
[
C∗y
])+ ∑
Sy=x, y sing.
[˜Cy]
where the ﬁrst sum on the last line is over all components of XM0 (Nl)s with C˜ the strict pre-image
of C in X˜M0 (Nl), and the second sum is over y ∈ Sing XM0 (Nl). The ﬁrst part actually comes from
blowing down of those exceptional curves in the pre-image of y ∈ Reg X0(Nl). Similarly for T
T ∗
([Cx])= π T∗,−1deg T ∗deg([˜Cx])
= π T∗,−1deg
( ∑
T y=x, y reg.
[
C∗y
])+ ∑
T y=x, y sing.
[˜Cy]
By [5, 3.3] on the formula of blowing down we get
π S∗,−1deg
( ∑
Sy=x, y reg.
[
C∗y
])= π T∗,−1deg ( ∑
T y=x, y reg.
[
C∗y
])
,
which is due to the fact that C∗y and C∗y′ are on the same (a,b)-component (the same label that x is
on), and are formally isomorphic if S(y) = S(y′) or T (y′).
By [5, 4.2 Lemma 2] and the fact that πM(Sing X0(N)) = Sing XM0 (N) we have{
y ∈ Sing XM0 (N): S(y) = x
}= {y ∈ Sing XM0 (N): T (y) = x}, (7.10)
which implies ∑
Sy=x, y sing.
[˜Cy] =
∑
T y=x, y sing.
[˜Cy].
Therefore S∗ = T ∗ and the proof is complete. 
2092 H. Xue / Journal of Number Theory 129 (2009) 2072–2092Note that (7.10) does not hold if p  M since there are Type B singularities, see Section 3. So if
p  M the action of Hecke operators on the component group need not be Eisenstein.
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